Atom lens without chromatic aberrations 
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We propose a lens for atoms with reduced chromatic aberrations and calculate its focal length and 
spot size. In our scheme a two-level atom interacts with a near-resonant standing light wave formed 
by two running waves of slightly different wave vectors, and a far-detuned running wave propagating 
perpendicular to the standing wave. We show that within the Raman-Nath approximation and for 
an adiabatically slow atom-light interaction, the phase acquired by the atom is independent of the 
incident atomic velocity. 



A crucial element of the tool box of atom optics [l|, |2j is 
a lens to focus atom waves. Many suggestions have been 
given 0] and realized in experiments Q. However, most 
of these realizations suffer from chromatic aberrations. 
In the present paper we propose a lens, which is free 
of this type of aberrations using a combination of light 
waves, which introduce two different time scales into the 
interaction of the atom with the fields. Our proposal can 
be implemented with today's technology. 

In order to compare and contrast the features of our 
proposed lens with the corresponding ones of a conven- 
tional lens, we briefly rederive the familiar result [H that 
the focal length and spot size of a thin lens created by 
an optical potential depend quadratically and linearly on 
the velocity of the atom, respectively. In contrast, for our 
lens the focal length depends linearly on and the spot size 
is independent of the velocity. In our scheme we scatter a 
two- level atom from a standing light wave built out of two 
running waves propagating in almost antiparallel direc- 
tions. The atom moves with a large velocity orthogonal 
to the standing wave and experiences a Doppler shift as it 
traverses the field. Moreover, in order to control the sign 
of the effective detuning, we use a running wave with an 
envelope in "top-hat" shape, which is strongly detuned 
from the atomic transition and propagates orthogonal to 
the standing wave. 

Within the adiabatic approximation and the Raman- 
Nath approximation Q for the center-of-mass motion we 
find the wave function of the ground state accumulates a 
position-dependent phase. Near the nodes of the stand- 
ing wave this phase depends quadratically on the posi- 
tion of the atom as in a conventional lens. However, now 
the focal length and the spot size are multiplied by the 
ratio of the detuning and the Doppler shift. Since the 
latter depends on the velocity of the atom, in our lens 
the velocity dependence of the focal length and the spot 
size is reduced by one power, resulting in a lens without 
chromatic aberrations. 

We start our analysis by recalling the key features of a 
conventional lens where a two-level atom interacts with a 
standing light field detuned by A giving rise to the Rabi 
frequency fio . This interaction creates the optical poten- 



tial C/ op t(a:) = (M7q/A) sva 2 (k x x) for the motion along 
the x-axis, which we treat quantum-mechanically. For 
the interaction time r = wq/ 'v y determined by the waist 
wq of the standing wave and the longitudinal velocity v y 
of the atom we imprint the phase 
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onto the wave function of the center-of mass motion of 
the atom in the ground state. 

Within the parabolic approximation, k x \x\ <C 1, the 
phase 
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is a quadratic function of x. Since the transverse mo- 
mentum p of the atom of the mass M follows from the 
derivative of this phase, we find that 
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depends linearly on x. 

The focal length Fo of a lens is defined [B], 0] as the 
distance traveled by the atom in the longitudinal direc- 
tion during the time necessary to go with the momentum 
p from the position x to x = 0, which yields 
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The spot size S = a^J- is determined by the focal 
length J- and the angular divergence ao = Sv/v y of the 
atomic beam, with Sv being the uncertainty of the trans- 
verse atomic velocity. For a Gaussian wave packet of 
width Sx the uncertainty Sv — h/{M8x) gives rise to the 
angular divergence ao = h/ (Mv v Sx) and the spot size 
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According to Eqs. Q and <j5j) in a thin conventional 
lens both the focal length To and the spot size So de- 
pend on the atomic velocity v y , namely J-q cx vz and 
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Figure 1: Scattering of the wave packet $ = of a two- 

level atom by a combination of a standing electromagnetic 
field formed by two propagating waves of wave vectors ki 
and k2 and a traveling wave propagating orthogonal to the 
x — y-plane serving as a control field. As the atom propagates 
along the j/-axis with the velocity v = v y e y , the envelope 
of the two running waves translates according to the relation 
y = v y t into the time-dependent function /; = fi(v y t). During 
the atom-field interaction the effective detuning of the field 
frequencies from the atomic transition changes its sign due 
to the control field with an envelope f c (t) in the shape of a 
"top-hat". 

Sq oc v y , resulting in large chromatic aberrations. These 
scaling laws serve as our motivation to engineer a phase 
element for atoms and, in particular, a lens with reduced 
chromatic aberrations. Our suggestion relies on the in- 
teraction of two- level atom with a near- resonant standing 
wave providing us with the optical potential inducing the 
focusing, and a far-detuned traveling light wave removing 
the achromatic aberrations. 

We create the lens field by the superposition 

E s {t, r) = Ej (r)e- Mt (e lk2r - e lkir ) + c.c. (6) 

of two traveling waves of wave vectors ki = (k x ,k y ) = 
(fccosa, fcsina) and k2 = (— k x , k v ), which form an angle 
a relative to the rr-axis shown in Fig. [TJ Here E/(r) 
describes the position-dependent real-valued amplitude 
of the waves, which, throughout the article, is assumed 
to be of the form of the TEMoi Hermite-Gauss mode 
with a node along the y-axis. The frequency u is detuned 
from the frequency of the atomic transition between the 
ground \g) and excited |e) states of the corresponding 
energies E g = hu> g and E e = haj e by an amount A = 
u> e — uj g — uj as shown in Fig. [TJ 
A running control wave 

E r (i,rHE c (x,y)e^-^+c.c. (7) 

with the position-dependent amplitude ~E c (x,y) and the 



shape of a "top-hat" propagates along the z-axis per- 
pendicular to the xy-plane. The frequency u> c is far- 
detuned by A c = u) e i — uj e — ui c from the atomic tran- 
sition between the exited state |e) and some other state 
\e'). We suppose that the control field is weak enough to 
be considered pcrturbatively, resulting in the Stark shift 
AE e = — \pEi c \ 2 / (HA C ) of the atomic exited state |e), 
where p = (e|d|e') is the dipole matrix element. 

Throughout the article we assume that the velocity v y 
of the atom in the direction of the y-axis is large and 
remains almost constant during the scattering process. 
For this reason we consider this motion classically, which 
allows us to set y = v y t. In contrast, the motion along 
the s-axis is described quantum mechanically within the 
Raman-Nath approximation [^, Q , that is the displace- 
ment of the atom along the x-axis caused by its interac- 
tion with the standing light wave is assumed to be small 
compared to its period. Moreover, due to the small in- 
teraction time and the large detuning A we neglect the 
spontaneous emission of atom in the excited state. 

In the framework of these approximations the time evo- 
lution of the state-vector 

|*(t)> = a e (t; rje-^le) + a g (t; v)e~^ t \g) (8) 

follows from the Schrodinger equation. Indeed, within 
the rotating-wave approximation the time-dependent 
amplitudes a g and a e , which depend on the position r 
of the atom as a parameter, obey the system of equa- 
tions 

4( fle W(H (9) 

dt \a g J \a g J 

The Hamiltonian 

contains the complex- valued coupling matrix elements 

V t (r) = 2pV l (x,y)e- lk yy S m(k x x), (11) 

with p = (gr|d|e) being the dipole matrix element. 

We assume that the x- and y-dependence of E; and 
E c can be separated and, since the atomic motion along 
the y-axis is treated classically, y — v y t, we find the form 
~Ei(x,y) = £i{x)fi(y) = £i(x)fi(v y t) and E c (x, v y t) = 
£c(x)fc(t) for the electric field amplitudes. Here the en- 
velope function 

M = ^±e*p(-£) (12) 

of the standing wave results from the TEMoi Hermite- 
Gauss mode along the y-axis and satisfies the normaliza- 
tion conditions 

oo 

J dyff(y)=w . (13) 
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In contrast, the envelope 

fc(t) = e(t) = 



1, t > o 

0, t < 



(14) 



of the control field has a "top-hat" profile, that is a step- 
wise dependence as expressed by the Heaviside function 
0(t)0. 

Moreover, the detunings A and A c are assumed to have 
the same sign and we can then choose the amplitude of 
the Rabi frequency f2 c = \p£ c \/H of the control field as 
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As a result, the Stark shift AE e induced by the control 
light field is given by AE e = -2fiA/ 2 (i). 

The Hamiltonian Eq. (|10[) takes finally the form 
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where 
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(17) 



n(x) = (2\p£i\/h)sm(k x x) = fio sm(k x x) (18) 

are the velocity-dependent Doppler and position- 
dependent Rabi frequencies, respectively. 

We now solve the Schrodinger equation © with the 
Hamiltonian Eq. (fTB]) in the case of the adiabatically 
slow atom-field interaction. For this purpose we substi- 
tute the second equation of system Eq. ((9J for the ampli- 
tude a g into the first one for a e and get the second order 
differential equation 
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with the initial conditions 
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at time to- Here we have introduced the time-dependent 
effective detuning 

A(t) ee A + uj a - 2Afl{t) = A + D a — 2A0(i). (21) 



In the case of a slowly varying envelope fi (t) with 

<|A|, or |A|r>l, (22) 



I* 
fl dt 



we can neglect its time derivative in the second term of 
Eq. (|19[) and arrive at the approximate equation 



For each time interval, that is for — oo < t < and 
< t < co, when the detuning A is constant, the solution 
of Eq. (|23|) with the initial equation Eq. (|20|) reads 



a g (t) 
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For the two time intervals — oo < t < and < t < oo 
the initial time to corresponds to to — — oo and to = 0, 
respectively, where the envelope fi(y y t) vanishes. From 
Eq. $2M we find X(t ) = |A(i )| and 
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With the definitions Eqs. d25j) and J26]) of A, ^± 

and A together with the explicit form Eq. (|2"?| of the 
initial condition we can cast Eq. (f2"4"]) into the compact 
form a g = exp(iip g ), where the phase 
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sgn(A)y A 2 + An 2 {x)ff{v y t') - A 

(28) 

depends on the transverse coordinate x of the atom. 
Since we are interesting in engineering a lens for matter 
waves, we can ignore the phase — oj g t in the Schrodinger 
picture, which is independent of x, and the total phase 
$ g acquired by the atom during its interaction with the 
two light fields is the sum 

$ 9 = ip g (t -> oo; x) = <p g (x; A + u a ) + <p g (x; -A + u a ) 

(29) 

of the two contributions determined by the time intervals 
— oo < t < and < t < oo, where 
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In the case of ui a <C |A|, the total phase $ fl given by 
Eq. d29]) reduces to 



$„(x) =w Q / dt 
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2 2 When we introduce the integration variable y = v y t, 

^ fi a g — 0- (23) anc i recall the definitions Eqs. (IT7|) and (TT5)) of w a and 
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n we arrive at 
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(32) 

We emphasize that <I> g is proportional to k y , which 
is a consequence of the non-collinearity of the two wave 
vectors ki and k.2- Moreover, $ 9 is independent of v y . 
Hence, the combination of the lens field and the control 
wave acting on the atom creates an achromatic phase 
element. 

We now use this phase element to construct a lens with 
reduced chromatic aberrations. For this purpose we con- 
sider a position of the atom close to a node of the standing 
wave, which allows us to expand the square root in Eq. 
(1321). and we arrive at 
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Here we have recalled the normalization condition Eq. 
(fTBf for the profile function /; and the form Eq. © of 
the phase <fi induced by a regular optical potential. 

Due to the control field <£> g is the product of the phase 
cj) corresponding to a conventional optical potential and 
the ratio (k y v y )/A. Hence, the focal length and the spot 
size of our lens read 

J 7 = 7— — (34) 



and 
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Since according to Eqs. dU) and (J5J) Fq and So depend 
quadratically and linearly on v y , in our lens the focal 
length T is proportional to v y and the spot size S is in- 
dependent of it. This scaling implies a reduction of the 
chromatic aberrations in comparison with the conven- 
tional technique of focusing atoms. Moreover, in our lens 
both the focal length T and the spot size S are larger by 
a factor | A\/(k y v y ) than those of the conventional lens. 

In summary we have proposed a lens with reduced 
chromatic aberrations. Our scheme differs from a con- 
ventional lens by the use of two rather than a single light 
field. The improvement factor is given by the ratio of 
the detuning and a Doppler shift. Our calculations have 
relied on the adiabatic approach using the dressed state 
picture. 

It is interesting to note that we could have also ob- 
tained the phase $ g given by Eq. (I3"2"j) by considerations 
familiar from the Berry phase |8l4lC|. In this way <J> 3 
could be interpreted as a sum of two Berry phases ac- 
quired by the atom whole entering and leaving the fields 



1 1| . Since the Berry phase is purely of geometrical na- 
ture, it is insensitive to small perturbations in the con- 
trol parameters 12j. For this reason, our proposed lens 



is more robust against small fluctuations in the system 
parameters, such as the intensity of the light fields. 
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